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Abstract 
We look at dynamic thinking and static thinking in relation to mathematical problem solving. We examine the distribution of 
answers chosen by large samples of students to multiple-choice problems. Our empirical data suggest that static thinking 
activated by students in problem solving is likely to be responsible for a certain pattern of students’ responses, which is 
characterized by a uniform distribution among the choices. This finding has implications for curriculum development, as well as
for the teaching practice in school. 
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1. Introduction 
In this paper we present empirical data regarding students' problem-solving behavior. The idea of this study 
started from the statistical analysis of students’ responses to multiple choice problems contained in a large database. 
We have noticed the existence of some patterns in the distribution of students’ responses. Specifically, we noticed 
an intriguing fact: for most problems, the correct answer or one of the distractors was chosen in a much larger 
proportion than the rest of the distractors, while for some few problems, the students’ responses were almost evenly 
distributed among the distractors (the correct answer included). This latter situation led us to the question: what 
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could cause this homogeneous distribution? To answer this question, we looked more carefully to both the text of 
those problems, and the skills required from a solver for finding the right answer. Since the correct answer option 
was relatively rare among students’ responses, these problems seem to pose serious difficulty. As a result, a source 
of analysis for this category of problems can be the expert-solver, i.e. the mathematician able to develop concepts, 
and that led us to see this phenomenon from a historical perspective. While trying to relate the targeted problems 
and solutions to elements of the history of mathematics, some seemingly relevant factors emerged from kinematics. 
Further, these elements have highlighted differences between two specific ways of thinking: static and dynamic, 
which will be characterized in the next paragraph. 
Static thinking or static mindset refers to a mental state that has reached certain equilibrium so that no changes 
are taking place. It supposes automatism of thought and action. In mathematical problem solving, such automatism 
of thought becomes visible when a person frequently uses standard algorithms and procedures without taking the 
context into account. Dynamic thinking or dynamic mindset involves identifying degrees of freedom in mental 
states. These degrees of freedom allow changes in perspective, changes in context, changes in content, etc. Dynamic 
thinking allows a student to "put a magnifying glass" in order to "see" some details otherwise negligible, to change 
the view in order to emphasize some particular situations or limit cases, to change positions of configurations that 
were looking to be stable, or to decompose the whole into pieces that can be rearranged. All these actions might lead 
to both a better understanding of the problem, and an effective way to discover the correct answer or solution 
strategies. 
In the present paper we analyze several cases in which the percentages of students’ responses are evenly 
distributed among all the distractors. We argue that in solving these problems, it is likely that most students have 
enabled static ways of thinking. This finding has implications for curriculum development, as well as for the 
teaching practice in school. 
2. Background 
Elements inherently related to the kinematics of concepts represented a boost in the discovery and development 
of new fields of mathematics. Thus, for example, vectors and vector spaces emerged from the study of motion in 
physics; calculus developed from dynamic processes of successive approximations; limits were conceptualized 
through imagining the variation of sequences, series, functions, etc. In this respect, the history of mathematics 
reveals dynamic modes of thinking that underlie important concepts (e.g. Moreno-Armella, Hegedus, & Kaput, 
2008) and their development. 
In the literature on mathematics teaching, static thinking and dynamic thinking are mentioned in various contexts. 
For example, in the construction of a concept map, functional interdependence between two concepts reveals 
dynamic thinking, while the relative position of concepts shows static thinking (Safayeni, Derbentseva, & Cañas, 
2007).  On the side of problem solving and mathematics teaching, the dynamic versus static thinking can be related 
to research on visualization, with particular focus on the role of imagery in problem solving (e.g. Presmeg 1997). 
Research on imagery in mathematics education goes back to late 70’s and gained a new impetus with the rise of new 
theoretical frameworks and dynamic software environments. Based on a qualitative analysis of the problem solving 
of 54 high school students, Presmeg (1986) proposed 5 different categories of mathematical imagery: concrete, 
pattern, kinesthetic, dynamic and memory images of formulas. From these, we focus on dynamic imagery that is 
defined as the mental or physical transformation of images during the problem solving process. As Presmeg (1986) 
mentioned this is a powerful tool, though rarely employed naturally by students. In their study regarding proof 
schemes, Harel and Sowder (1998) propose three categories, each with several subcategories. One of these 
subcategories is termed “transformational proof scheme”, and involves operating on objects along with foreseeing 
the results of the transformation.  
We consider that our interpretation of dynamic thinking is in line with the above-mentioned conceptualizations. 
The above studies build on individual analysis of detailed solutions or interviews given by students. In this context, 
we pose the question: in situations where no detailed work is available, could the pattern of students’ answers 
contain hints of the usage of dynamic versus static thinking?  
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3. Methodology 
In our study, we used a large database, consisting of students' answers to problems given at an international 
multiple choice mathematics contest (“Kangaroo”) for different classes/age levels. The students participating in this 
competition over the last five years form the first sample of our study. We examined the distribution of the chosen 
answers among the respondents’ sample and the significance of the distractors with the highest percentages and used 
various criteria to compare results vertically (among grades) and horizontally (among problems). Following these 
comparisons, we observed the distribution patterns of students’ responses on the choices per grades/problems. The 
hypothesis of the present study was drawn from this first analysis.  
Given the large participation in the Kangaroo competition (about 250,000 Romanian students of various levels of 
ability each year), the analysis of responses can give statistically significant results; but this analysis cannot give 
guidance about how students actually thought during that contest. Therefore, to study issues related to mental 
processes activated by the solvers, we have given some of the problems to a group of 20 college freshmen, 
prospective mathematics teachers. We asked these college students to choose the correct answer for some of the 
analyzed problems, and to explain how they arrived at their choices. This group of students is the second sample of 
the study. Even if there were differences of age and (possibly) of mathematical abilities between this group and the 
Kangaroo-contest participants, the results obtained with the college freshmen group allowed us to infer that similar 
thinking modes could emerge for these particular problems within the entire sample (at least because year 1 students 
are not far from the math experience of their grade 12 colleagues). We thus identified various strategies used by 
participants of the first sample and found possible explanations for the pattern of problem responses. These we will 
be discussed below. 
4. Results and discussion 
We further analyze statistical data on two problems proposed to sample 1. The two problems were selected 
because of the balanced distribution of choices among the distractors.  
Problem 1. In a rectangular triangle, a and b are the lengths of the two legs (that form the right 
angle). If d is the diameter of the inscribed circle and D is the diameter of the circumscribed 
one, then  d + D  is equal to: (A) a+b     (B) 2(a+b)     (C) 0.5(a+b)    (D) ab      (E) 22 ba 
We present the statistics for this problem in Table 1. A brief analysis shows that answers (A), (B), (E) are chosen 
by almost equal proportions of students in all grades, and the percentage of responses (C) and (D) did not 
significantly differ from the rest of  the distractors (see Table 1). 
Table 1: Percentages of answers (problem 1). Answer (A) is correct.  
Trying to better understand the mental mechanisms activated in solving problem 1, we asked the students from 
the second sample to choose the answer they consider correct,  and also to explain, as thoroughly as they can, how 
Grade  Number of participants A B C D E
7 20040 18.7 20.8 10.7 15.7 18.8 
8 13603 18.1 21.2 12.2 14.8 19.6 
9 7492 19.1 19.7 13.4 14.1 21.1 
10 6623 19.5 18.1 14.9 14.4 19.5 
11 5117 21.9 19.3 13.2 12.8 19.7 
12 2667 24.5 18.0 13.3 11.5 21.1 
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they did to solve it. In total, 15 students responded to this task. Analyzing students' descriptions, we have identified 
three ways of action to solve this problem. 
The first category is represented by students who have tried to solve the problem by applying formulas of the 
type: d = 4 u area / perimeter. Only 3 of the 6 students who have done so have reached a final result (which was the 
correct one), the other three did not finish the calculations or did not obtain a result that could be found in the list of 
distractors (or at least similar to a distractor), and therefore did not choose any of the answers. 
Other 8 students have used the distractor (E) as the starting point in solving. One of the students (Marius) 
indicated (erroneously) this distractor as the correct answer. Marius explained his choice in the following way: "the 
hypotenuse of the triangle is equal to 22 ba  , from Pythagoras theorem, so I think 22 ba   is right." All the other 
students in this category first removed distractor (E) as being an incorrect answer. For example, Oana wrote a 
sequence of inequalities (Fig. 1). Even if this sequence is not entirely correct (the order of the first two terms is 
reversed), she successively eliminated distractors and finally got to the conclusion that response (A) is correct.  
Another student, Adrian, proceeded somewhat similar to Oana: he immediately eliminated distractor E ("not 
good"), but in evaluating other distractors, he chose numerical values for a and b. This ability of Adrian, to use 
particular cases of the problem made us to include his approach of solving in a separate category. This category, that 
includes Adrian, includes Victor, who estimated the lengths on the drawing ("I intuitively thought about the result, I 
looked at the picture and imagined how   d + D  would look like") and found the correct result. 
Therefore, most students in the control group displayed a certain automatism in solving the problem. Exceptions 
are Adrian (who utilized a particular numerical case to identify the correct answer) and Victor (who used an 
approximation-estimation process to identify the correct answer). These solving strategies may be related to the 
percentages of responses in Table 1. For example, distractor (E) reflects the "automatically" triggered application of 
the Pythagoras formula. This suggests that some students who have chosen this distractor applied the formula, but 
made no analysis, since response (E) is an absurd one, the first to be excluded. We could link this situation to 
memory imagery, in the terminology introduced by Presmeg (1985), since this is described as the recollection of a 
formula that leads to the solution. The remembering of the formula is triggered by “typical” images associated with 
the formula up to a degree where it can hinder effective, and correct, problem solving (Presmeg, 1986). 
Interestingly, for students in grades 9-12, the answer (E) is the distractor most chosen, while students in grades 7-8 
prefer distractor (B). The explanation might be related to the fact that in Romania plane geometry is studied mainly 
in grades 6 and 7, so one can expect that students from grades 7 and 8 manage to deal with the fresh formal 
knowledge related to inscribed and circumscribed circles better than others. We insist on this aspect as we consider 
it as a pro-argument for the case that static thinking is reinforced in school to such measure that, as progressing 
along schooling years, students’ understanding of problem solving tends to reduce to applying some formulas, 
frequently without analyzing the problem context.  
Observations made on the second sample have shown that students activated a static mindset in solving the 
problem,  rather  than  a  dynamic  one,  which  directed  them  to  seek  recognition  of  formulas  or  steps  of  known  
algorithms in the distractor list, while hindering their ability to detect a valid selection criterion. 
Fig. 1. The solving offered by Oana for Problem 1. Oana writes: D - hypotenuse, d + D = d + 22 ba  > 22 ba  (variant E is not good); if I 
suppose that the sum equals 2(a+b), I obtain that the radius of the inscribed circle > the radius of the circumscribed circle  d + D = (a + b), 
[therefore] A.  
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Extrapolating, we believe that a static mindset, activated in probably most of the students participating in the 
competition, may explain the pattern of responses. 
A dynamic approach would lead to a rapid solution, which would transform this problem into a simple one, as 
follows. If we consider the edge/limit case where the given triangle is deformed so that it becomes a degenerated 
triangle, we can immediately see that, for  a = 0, b = D, we have r = 0, and thus  D + d = a + b. In addition, the 
idea that the original triangle can be deformed allows for holding a particular case (for example, a right-angle 
isosceles triangle), and the calculations can be made much easier. Therefore, by thinking dynamically the wrong 
distractors could have been easily eliminated, and this fact would have dramatically changed the distribution of 
choices for this problem. We would expect that the percentage of correct answers increase significantly from one 
grade to the next, but this did not happen. Even if such (small) increases occurred, they were predictable due to 
changes in the sample structure: while (in the reference year) the 7th grade participation was a massive one (about 
20,000 students), 12th class participation was more selective (about 2,700 students). 
The above arguments led us to the conclusion that the low percentage of correct answers for this problem, when 
looking at the representative groups of students from various grades, as well as the mostly equal distribution among 
the choices of distractors, are caused by a static type of thinking. Similar explanations are appropriate for other 
problems that induced the same students’ behavior. Such an example follows below. 
Problem 2. (Grades 7-8) What is the sum of the measures of the 10 angles marked on 
the figure?       (A) 300,       (B) 360,        (C) 450,       (D) 600,       (E) 720 
The same problem with a statement slightly modified, was proposed in Grades 9-10.  
We summarized the statistical results for this problem in Table 2.  
Table 2: Percentages of answers for Problem 2. Answer (E) is the correct one. 
In this problem, we can observe that answers (B), (D), (E) have very similar percentages of choices and answers 
(A) and (C) are also chosen by a significant number of students. We believe that, in solving this problem, students 
tended to algebraize the solution by using equations and systems of equations to obtain the correct result. Thus, a 
static mindset can explain such balanced distribution of responses.  
A dynamic approach would have quickly led to identifying the correct answer. For example, we can imagine that 
we rotate the given triangles around the joint vertex (see Fig. 2) and then "elongate" them, keeping the angle 
measures constant (transformation through homothety). We thus go from the initial configuration to a "compact 
settlement" and get a (convex) polygon with six sides, decomposed into 5 triangles, similar with the initial ones: the 
requested sum represents the sum of the angle measures of this polygon. 
Fig. 2. The dynamic process imagined to solve Problem 2. 
Grade  Number of participants A B C D E
7 20040 8.31 22.23 11.90 21.54 27.74 
8 13603 7.93  21.27 13.24 22.87  27.40 
9 7492 8.99  25.10  10.24  18.92  26.31     
10 6623 10.51  21.10  9.96  18.17  30.12 
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5. Conclusions 
In this article we analyzed the statistical results obtained from a sample of 55,542 secondary school students to 
multiple-choice problems in which the response pattern was of a particular type – i.e., where we found a 
homogeneous distribution of choices. Experiments with a small group of solvers have shown that they activate a 
rather static approach in solving, which seems responsible for their incapacity to discriminate among distractors. 
Extrapolating these results, we formulate the conclusions of this study based on the assumption that the response 
patterns we analyzed emerge from the activation of a static mindset in solving these problems.  
Teaching often turns into practicing algorithms and typical problem situations, while ignoring dynamic contexts: 
dynamic models of the problem, mental manipulation, and logic dynamics (Pelczer, Singer & Voica, 2009). On the 
other hand, while in the first years of schooling children’s perception seems to be mostly dynamic, as progressing to 
high school children’s explanations involve static arguments, since static phenomena seem to be simpler to explain 
than dynamic ones (Singer, 2007, 2008; Singer & Voica, 2008). In addition, dynamic elements such as, for example, 
motion problems, geometric locus, sections in geometric solids, and so on, disappeared from the Romanian 
curriculum in the last years. As a result, as students advance in schooling, they have an increasing tendency to deal 
with problems in a static-thinking manner. This phenomenon is especially noticeable in geometry. School curricula, 
(teaching practices as well), focus on an algebraic approach (applying rules, using methods of analytic geometry or 
vector geometry), to the detriment of a ‘geometric’ approach, where the dynamic transformation of a given 
configuration is essential. In multiple-choice problems, where the solving time should be relatively short, the 
capacity of discriminating and quickly removing inappropriate choices is essential for completing the task. In the 
absence of dynamic mindsets, students do not seem to have the ability to decide the plausibility of some of the 
distractors, and therefore they try to solve the problem but fail to reach a final result, and select a distractor at 
random, which makes that the answers distribute relatively evenly within the sample.  
These preliminary results raise new and challenging questions, concerning the connections between curriculum, 
assessment practices and the development of dynamic thinking for problem solving. We let these questions for 
further research.  
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